Integral
If the function F(x) is an antiderivative of f(x) then the expression F(x) + C where

C is an arbitrary constant, is called the indefinite integral of f(x) and we write

ff(x)dx=F[x]+C

The integral of the power function

If u is a function of x, then
n+1

1+r: nmeER, n¥ —1

1.fu“du =
n-—+
du
Z.J’— =Inju| +¢
U
Examples

1 i3 1 a2 2 2 2
1.[1}31:—1— 1dx=?f3[3x+ l]zd:x::?(Sx—l— 1)z X ?+C=E(3x+ 1)z +¢

d 1 1
2. —;fg=?f2x(x2—3]‘1”2dx=?(x2—3)1"’2><2—|—c=\fx2—3+c
xdx 1 2
3. fxz_gz?lnlx —3|+c

The integrals of trigonometric functions

If u is a function of x, then

1.fsinudu=—cosu+c 2.fcosudu=sinu+c
3.fsec2udu=mn'u+c 4.fcsc2udu=—cotu+c
5.f secutanudu = secu +c¢ 6.f cscucotudu =—cscu+c

?.ftanu du = —In|cosu| + ¢ = In|secu| + ¢

S.J’ cotudu = In|sinu| + ¢ = —In|cscu| + ¢
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Examples

4.f1£1+cns Dl = fﬁchszxdx: fﬁcosxdxzﬁsinx—kc

ﬂdﬂi = f(1+c05 2x)"1/? sin 2xdx =1+ cos2x + ¢
v1+ cos 2x

6J’L21 __f 2sin 2x —iln[c-:)st)—kc
1+ cos2x 1+ cos 2x 2

The integrals of exponential functions

If u is a function of x, then

1.fa“du=lz—a+c; a>0a+1 2.fe“du=e“+c

Examples

1
?.f e** dx = ?33" +c

S.J’(Ze‘” At — — 3 i

The integrals concerning the inverse trigonometric functions

1J‘ du i " i u+
.| ———=sin""—+4+cy,=—cos ' —+¢c
— - 1 - 2
du 1 U 1 u
. =—tan l—+c¢,=_ ~ g1
faz +u2 a L a i a cot a + ¢,
U il L u 1 L u
3. m=;sec E+C1=—ECSC E—FCE
Examples
dx oy N
=s8in*—+¢
T V2
10f dx J‘ dx
a2+ 2x+2 Ja2+2x+1+41
dx
= =tan"'(x+ 1)+
f(x+1]2—|—1 2 e
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fo VxZ -3 xfl_ r

12J‘ 2x+ 7 _J’ 2x+4+3d
x2+41+5 x*+4x+5 *

_J’ 2x+ 4 q +J’ 3 p
2 +4x+5 2 A

=In|x?+4x+ 5|+

B
d
f(x+2]2—|—1 *

=In|x?*+4x+5|+3tan"(x +2) +c

Exercises

Evaluate the following integrals

I f(x+mdx 2. fmdx

xdx A J‘ xdx
V1—4x2 43743

dx dx
_ 6.
V1—4x2 fxz i

?.J’wil—cos 4xdx B.J’(x_—vi)gdx
Xy X

QJ’ dx (2x— 5)dx
) x2—-2x+5 ) x2—4x+5
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Methods of integration
I- Integration by parts

Sometimes we can recognize the differential to be integrated as a product of a
function which is easily differentiated and a differential which is easily integrated.

For example, if the problem is to find the integral
f x% cosx dx

We have two way to do this:
1- Tabular integration by parts
Which is used for

1) the products of polynomials and sine function, x™ sin bx.

2) the products of polynomials and cosine function, x™ cos bx.

3) the products of polynomials and exponential function, x™e®*.

In any of these three cases we choose the polynomial as u and the product of sine
function and dx (cosine or exponential function and dx — respectively) as dv.

Example1: Evaluate

1.J"JC3 cos x dx 2.fx2e2xdx

Derivatives of u | Integrals of v
3
x COS X
2 & asinx
l.f x3 cosx dx ~

6x ™= _cosx
6 ) l —sinx
0 = cosx

fxg cosxdx =x3sinx+ 3x°cosx —6xsinx —6cosx + ¢

1



2 J’xzezxdx D.of x* Lof e**
Xz H_‘_ ezx
™
2x \\ iezx
e /s
1
2 i Tezx
D %EE:}C
> 2y 2 alx 1
J’xzezdeZ Tezx—Tezx—kEe”—kc =5 (xg —x+?)+c

2- Integration by using the formula

fud:r,?:uv—fndu

Which is used for inverse trigonometric functions and logarithm functions.

Example2: Evaluate

1.flnx dx Z.J’sin‘1 2xdx

4
3. fsec‘lﬁdx

1

1. u=Inx and dv = dx
dx
du=— and =
X

fudv=uﬂ—fvdu

dx
flnxdx = xlnx —fxx —
B

=xlnx—fdx =xlhx—x+4+c

v



2. u=sin"12x and dv=dx
o b
du=—— and =it

V1 —4x2

fudvzuv—fvdu

Jsin‘lzxdx—xsin‘12x— ﬂ
V1 —4x?
1
=xsin'12x—|—?1fl—4x2—|—c
3. u = sec 14/x and dv = dx
p dx " 1 dx q
u= = and v=x
Vv —1 24x  2xfx—1
4 4 ;
4 xXax
~ | sec W xdx = xsec™1Wx —f—
! L Vf_ll / 2xvx—1
4
= 4sec™12 —sec™11 —f dx
29x—1
1 |
T 1 4
=4X=—0—>vVx—1x%x2|
3 2 1
41 4
— (a0 ——— 3
3~ (V3-0)=7
Exercises
1.fxlnxdx 2.fx3€‘3xdx
1 w
sin 1 \/x
3.fmn‘1xdx 4, | ———dx
\x
1]
1/v2
5.f(x2+3x}sin2xdx 6.J’ 2xsin~1(x?)dx

0
YA



11- Integration by the mothed of partial fractions
This method is based on the simple concept of adding fractions by getting a
common denominator. For example,
1 2 x+5+2(x—1) 3x + 3
1 %15 G-D&+5  G-DE+5)-
so that we can now say that a partial fractions decomposition is

43 1 2
(x-1D(x+5) x—-1 x+5

Partial fractions can only be done if the degree of the numerator is strictly less than

the degree of the denominator.
For each factor in the denominator we can use the following table to determine the

terms we pick up in the partial fraction decomposition.

Factor in denominator Term in partial fraction decomposition
+ + + i P SR
(x al)(x aZ) (x an) (X i al) (x + az) (x + an)
Ay A, Ay
Repeated roots: (x + a)™ + + o —
P ( ) (x+a) ((x+a)? (x + a)”
Aix+B; A,x+ B, A,x + B,
2 4 2 4 v (x2 4+ R U A L
(7 +a) "+ ag) - (7 + an) (x?24+ay) (x%*+ay) (x%? + a,)

There are several methods for determining the coefficients for each term and we
will go over each of those in the following examples.

Example: Evaluate the following integral.

dx 2. | ————==—dx

1f 3x — 4 x2—4x+9
) x?—-x—-6 (x+2)3

fxz-l—Zx—Sd
) ox*t+4x2+3 x



3x —4
1.fmdx
3x — 4 _ A - B
(x=3)(x+2) x-3) (x+2)

To find A : multiply both sides by (x — 3) and plug in x = 3
3x — 4 A+B(x—3) i 3x3—4 i
= — = = =
(x+2) (x+2) (3+2)
To find B : multiply both sides by (x + 2) and plug in x = —2

3x—4  A(x+2) 3% (—2) — 4
= +B = B= =2
(x—3) ((x—3) (-2-3)
f 3x — 4 P _j( 1 N 2 )d
X2—x—6"" (x—3) (x+2) x
=In|lx—-3|+2Injlx =2|+c
x2—4x+9dD
(x +2)3 x
x> —4x +9 A B C

G127 G+ Gt G2
To find A : multiply both sides by (x + 2)3 and plug in x = —2

x2—4x+9=A+B(x+2)+ C(x + 2)*0

(-2)2-4(-2)+9=4 = A =210
To find B : differentiate once and plug in x = —2

2x —4=B+2C(x+2)
2(-2)—4=B = B=-8
To find C : differentiate again and plug in x = —2
2=2C = (C=1

x2—4x+9d _f( 21 N -8 N 1 )d
x+23 T\ 2 T a2y )™
_21

_ Inlx = 2
212 Ty Tin=2lte



x?+2x -5
Jx4+4x2+3 x
x?+2x—75 Ax+B Cx+D
@+ D) 2 +3) o+ D)
_ (Ax+B)(x* + 1) + (Cx + D)(x* + 3)
(x?+3)(x%2+1)
x2+2x—5=Ax3+Bx®*+ Ax + B + Cx®+ Dx?> 4+ 3Cx + 3D

Coefficient of x3: A+ C =0

Coefficient of x>: B+D =1

Coefficientof x: A+3C =2

Constantterm: B+ 3D = —5

This givesus C=1,A=-1,D=-3and B=4

jx2+2x—5d _](—x+4 N x—3 )d
x*+4x%2+3 x= (x24+3) (x2+1) X

f( _|_3)dx-l—j(2 dJH—J-(2 J(x2+1)x
X
:——lnx +3 +—tan 1—+—lnx +1)+3tantx+¢
(4 3)+ gtan Tt g Gt )
Exercises

Evaluate the following integral

1f 3x+5 p j2x2+3x+2d
Jxr—2x—15 x+1)3 &
fx2—3x+7

x*+5x2+4 x




Multiple Integrals
The multiple integral is a generalization of the definite integral to functions of
more than one real variable. Integrals of a function of two variables are called double

integrals, and integrals of a function of three variables are called triple integrals.

Double Integrals

d b
The expressionf ff(x, y)dxdy is called double integral and indicates that:

c a
1. f(x,y) is first integrated with respect to x (regarding y as being constant) between
the limits x = a and x = b.

2. the result is then integrated with respect to y between the limits y = cand y = d.

2 4

Example 1. Evaluate ff(x + 2y)dxdy

1 2

dyz](8+8y—2—4y)dy

2

2 4 2
.
f[(x+2y)dxdy=f?+2yx
12 1
D

=f(4;v+6)dy=2y2+6y =8+12—-2—-6=12

1

msinx

Example 2: Evaluatef j ydydx

00
s T

y? sin? x —cost
|/ ydydpf o= [T rax= [ =72
0 0

1 1 i

= Zx —ES]'HZX

sinx

o
o
(n

o 4
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2 py?
Example 3: Evaluate f f dxdy
17y

2 qy? 2 3 2
yy 5
f f dudy = dy=| (*—-y)dy=7-%| =—
1y q 3 2 6
1
1 x
Example 4: Evaluate ffﬁl — x? dydx
00
1 x 1 ¥ 1
1 1
jfxfl—xzdydx =fy 1—x?%dx = fx 1—x%dx = —?(1—:»62)3/2 =g
00 (U S 0 0
Triple Integrals
It will come as no surprise that we can also do triple integrals
2 11
Example 5: Evaluatef IJ(ZX —y + z)dxdydz
0 -10
2 11 2 1 2 1
f ff(Zx—y+z)dxdydz —f f(xz—yx+zx) dydz :f f(l—y+z)dydz
0 -10 0 -1 0 -1

T
Example 6: Evaluatef x% sin 6 dxd@d®
0

T T 3 T

x
fffxz sin @ dxd@dg = f(—
000 0

T T T
:f—9c059
0

fre
J

m
)smg dE)d(Z)sz‘)sdeBd@
0 0
T

T

= 18w

dp = f —9(—=1—1)do = f 18d¢ = 18¢

0 0 Y 0
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Evaluate

2 re*
1. f f dydx
0o J1
1 1
2. f f dxdy
0 Ny

1 3x+2
3. f j dydx
-2Jx2+4x

11
ff(xz +y% + z%)dxdydz
00

2 3 2
7. fffxyzzdxdydz
011

Exercises
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Partial Derivatives 4 jal) cliidal)

(6Y) g WOC W y 5 x cpomialbdy z = for,y) wsdall e 1 Cp pdta b J) gl
.z il Baal g ded o o

f(2,-1)=22x(-1)-3x2x(-1)=2 & f(x,y)=x%y—3xy JSN s

Lyl cliiial

il sl £, ) A0 &) Rl G b il el £, ) A0 it ) 2

.. _— - P y ... i a .
s by il Al £ (x, y) Wl i el dsd) 5 £, af ety el
X
o fy ji ay_ R.J:\SS} Q:IG x‘)l_.ﬁ_gl_.’ ‘ﬂlhjy ....~ wa. .n-.' f(x}y) ZJ\JM aﬁ.j“,. y\ o S\

fy =—e** siny 5 fy = 2e** cosy & f(x,y) = e** cosy <wlS ) : D

251 ) (0 i) i)

kel 058 o cfas Ip leni oo L 5 O i a0 () A cals 1Y
Oy 0x : 3l 321 A AN ciEnal 030 ¢ Af e
o*f o*f o*f 0*f
ﬁ:fxx a_yz:fyy 9xdy = fry dydx = fyx

sl J) al fxy S fyx ’ fyy ’ fxx : oS :(\) Jh

1.f(x,y) = x* + xy? 2. f(x,¥) =In(2x + 2y) + tan(2x — 2y)
1. fx:2x+y2 —2 fex =2 fxyzzy pdadl
fy = 2xy > Sy =20, =2y
1
2. fu = 2sec?(2x —2y) =—— ?(2x —
i TEE + 2sec?(2x — 2y) prarg + 2sec*(2x — 2y)
fox = m + 8sec?(2x — 2y) tan(2x — 2y)
oy = CESE 8 sec?(2x — 2y) tan(2x — 2y)
2 1
- _ 2 2 _ e VL 2 _
o T2y sec*(2x — 2y) Xty 2sec”(2x — 2y)
Toup = m + 8sec?(2x — 2y) tan(2x — 2y)
—1
fry — 8sec?(2x — 2y) tan(2x — 2y)

T (x+y)?

AR



fox + fry =0 oo oY alead GEUENALE (o, y) Al oKl Gudly Adalaa

ool ddalas (gaan f(x, y) = e~ 2Y cos 2x Al O O ;(Y) Ui

f = —2e7?Ysin 2x = fix = —4e%Y cos 2x : Jall
fy = —2e7?Y cos 2x - fyy =4e " cos2x
fox + fyy = —4e™?Y cos2x + 4e % cos 2x = 0

oY Aalae 385 f(x,y) = e72Y cos 2x Al Gl adle

(Al 3ac18) ¢ Adlgall J) gall ciliidua

8 y=h(r,s)s x=g9(0,s) & w=f(x,y <
ow Jdwdx OJwady dw Jwdx OJwady
— =t and — =t
ds 0dxds OJdy0s or Oxor Jdyor

Chain Rule

;‘ = f(x,y)
7N
i PN
L'!-‘I»" ,// \"\\ dw
ax / ﬂ_\-‘
>
X / S
\\& ) /
\\ ry
ax \\ ﬂ'_\v‘
ar N\ /o ar
\.}/
r
dw _owox | aw iy
dr — dx dr  ay ar

w=x?+yix=r—s,y=r+s ol rys Wy ow/dr s ow/ds = :(¥) Jie
Wy =2x=2r—2s , wy =2y =2r+2s :Jal)
ox/or=1, 0dx/0s=-1, dy/or =1, dy/ds =1

aW_awax+away_(2 2s) X (=1)+ 2r+2s)x1 =4
ds 0Oxds 09y ds e e -

oW _OWOX  OWOY _ (o _2s)x 1+ (2r+25) x 1 = 4
ar _axor  ayor o . -

Yy



Cpolas
DAl Jisall fxy S fyx;fny frx>

1.f(x,y) = x?tan™? %

2. f(x,y) =In(xy) + tan(xy)
3.f(x,y) = x%e*siny + 3x — 2 cos(x + 2y)

4. f(x,y) = e® + tan 1 (xy)

5.w = cos(x + y) + sin(x — y)
6. w = cos(2x — 2y) + e*sinhy

slardll Akl die 9z /0u 5 dz/0v =
7.z=¢e%*Iny , x=In(ucosv) , y=wusinv |, (w,v) =(2,m/4)
8.z=tan(x/y) , x=ucosv , y=usinv , (u,v) = (1.3,1/6)

GOy Aalaa Gaa 206N J) gl o oy

9.f(x,y) = Inyx2 + y?
10. f(x,y) = e 3¥*sin 3y

Oedid Cldig, b dwsw =ud +tanhu +cosu , u=ax+ by S 11
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